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ABSTRACT: We compare two definitions of gauge variations in the case of non-Abelian
actions for multiple D-branes. Equivalence is proven for the R-R variations, which shows
that the action is invariant also under the easier, naive variation. For the NS-NS variations
however, the two definitions are not equivalent, leaving the naive definition as the only

valid one.
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1. Introduction

Parallel D-branes can behave collectively rather than independently, providing strange,
non-Abelian physics. The phenomenon occurs when the distance between the branes be-
comes of order of the string length. Then the strings stretching between them have
massless states, in addition to the already present massless states of the strings going from
a brane to itself. In the worldvolume description this corresponds to the N U(1) groups,
one for each brane, filling out to one U(N) symmetry. So the N U(1) Born-Infeld vectors
become arranged into one U(N) Yang-Mills vector V' while the transverse scalars become
non-Abelian U(N) matrices X*. These matrix coordinates still contain the information
about the coordinates of the distinct branes: the I-th eigenvalue of X* is the i-th co-
ordinate of the I-th brane. In general however, U(N) matrices can not be diagonalized
simultaneously, such that an uncertainty exists on the coordinates.

The worldvolume action of such a multiple brane should encode the physics resulting
from the non-Abelian structure. Defining a Born-Infeld action is a highly non-trivial prob-
lem, but the Chern-Simons part seems to keep a simple structure. Still, also the latter
receives some important modifications. The first generalization of the Chern-Simons term
to the U(INV) case consisted of defining the Born-Infeld field strength F' as a U(XN) field
strength F' = 20V + [V, V] and adding a trace to the action [J:

Spp = Tp/P[C] Tr{e’} = Tp/ZP[CpgnH] Te{F"}, (1.1)

where F is defined as F = F 4+ B.
Then it was observed that the background fields should depend on the matrix coordi-
nates via a non-Abelian Taylor expansion [J, ff|:

a ) 1 a i
Oz, XY = Zﬁakl...akncw(x L) g XML X (1.2)



Together with a change from ordinary world-volume derivatives to covariant derivatives

D, = 9, +i[V,,.] [, B, and the symmetrized trace prescription [, here denoted by ST,
the action becomes invariant under the U(N) symmetry. The resulting action, though,
does not fit with T-duality [[f. Indeed, T-duality requires extra terms proportional to
commutators between the transverse coordinates [X, X]. The final multiple D-brane Chern-
Simons action looks like:

Spp = Tp/ STT{P[e(iXiX)(CeB)] eF}, (1.3)

where (ixix) stands for inclusion with the transverse scalars, (ixix)Cp = 2[X?, X7] x
Capm...upfg- The same result was found for DO branes using matrix theory techniques
B, Bl. The new couplings proportional to the commutators allow the brane to interact
with background fields of rank n higher than the brane dimension p 4+ 1. Due to the non-
Abelian couplings, fuzzy brane solutions [f], [0, which react like a dielectric to the higher
rank background fields, become possible.

Gauge invariance of the multiple brane action is discussed in [T, [J. In the latter it
is argued that the non-Abelian pullback affected the question of gauge invariance. Indeed,
naively filling in the variation §C),, = 20,7, into the pullbacked field yields:

6 STr{D,X"DyX"Cu } = STr{ DuX" Dy X" 8y }. (1.4)

This is not a total derivative, which would mean that e.g. the truncation of the D6 brane
action where all fields but Cy are zero, would not be invariant under R-R gauge transfor-
mations. Therefore R-R transformation of pullbacked fields was redefined as follows:

5 STT{P[CQ]} = 20 STT{P[AI]} - STT{ZDP[AI]}, (1.5)

which is by definition a total derivative. By analogy, full transformations are defined also
for the dielectric fields!:

[(p—1)/2]
SASTr{Pl(ixix)C. Z STr{znn,p et DP|(ixix)Ap—201|P[B"]  (L6)

! n—
+ 2n—2(n,(z{)1(2;;2n,2)!DP[iXAp—Qn—l]P[(iXB)B 1]

+ g DPIAy-an 1] Pl(ix B)* B" 2]

+ st DPAy-20 -1 Pllixix B)B" '] }.

These modified variations led directly to the invariance of the multiple D-brane action
with respect to R-R gauge variations. The question of invariance under NS-NS transforma-
tions is more subtle, because it is directly linked to coordinate transformations. Defining
matrix coordinate transformations is still a unsolved question, though quite some progress
is made by [[J-[15]. However, using T-dualities the NS-N§ variations can be fully derived

!The square brackets in the summation denote the integer part.



without the need of coordinate transformations. T-duality performed on the Born-Infeld
vector V' and its variation 6V, = —X,D,X” led to the discovery that the matrix coordinates
are affected by a gauge variation of the form [[If]

SXH = i%,[XP, X"). (1.7)

This causes also the pullbacks, the commutators [X, X] and the background fields, which
depend on the matrix coordinates, to transform under . For example, the variation of
the NS-NS twoform B is

§P[B] = 2P[0%)] — 12iP|(ixix )(BO%)] + 2i(ixix)B Pox)]. (1.8)

Besides the transformations due to the dependence on the coordinates, which are the two
last terms, we see that the proper variation has not been changed to a modified form
such as ([L.§). Instead, the NS-NS variation follows what we will call further on the naive
definition: varying every factor (X-dependence of the fields, pullbacks, commutators, the
B field) and putting them just together. As a consequence of the different definitions, two
forms which are related by S-duality, namely C5 and B, have different gauge properties.
In this work we will compare the naive variation, which was fit for B, to the modified
variation of the C’s. For the R-R variations, the naive and the modified definitions are
equivalent, which will be proven in section ] for the case of the D6 brane. In section [ is
taken care of the NS-NS variations, whereof a modified version does not seem to exist. A
subtlety concerning the symmetrized trace prescription is described in the pppendix].

2. R-R transformations

To compare the two definitions, we will look at the D6 brane. Its action, though being
easy, has all the features of a non-Abelian Chern-Simons action:

n+r7'
Lpe = STr {Z Z T =2 P (iXiX)r-A7+2r—2n] F"} ; (2.1)

r=0n=0

where the background forms A, are defined as

M%

—C B". 2.2
Z (p— 2/<; '2/%' =2k (22)

First we look at the truncation B = F' = Cq = 0:
Llruncl _ STT{P[Cﬂ}. (2.3)

The modified variation is defined by being a total derivative and turns out to be a covariant
derivative of the pullbacked field:

Smod LTIl = 79 STT{P[A6]} (2.4)

- STr{?D <P[A6]> }



Working out this variation gives:

Smoq Cbunel = STT{?P[@A(;] + 21iA [F[bal,X“l]D@X“Q...D%]X“G} (2.5)

1.6
- STr{?P[@Ad} = Gnaive LIEUeL.

The second term, coming from the commutator of two covariant derivatives, vanishes be-
cause we assumed F' to be zero. No difference is left between the naive and the modified
definitions. We see here that, though ([L.4) was indeed no total derivative, invariance is
still assured for the truncated action. Allowing F' to be arbitrary restores the difference
between the definitions. One can expect this extra term cancelling variations coming from
P[(ixix)C7]F, such that

LClrunc? _ STT{P[@] + 212‘P[(1X1X)C7]F} (2.6)

will be invariant under the naive gauge variation as well as under the modified one. Again
we will work out the modified variation and try to end up with the naive one.

oL = STr{7D(PIAe]) +21i -5 D(Pllixix)Ae] ) F | (2.7)
— STr{?P[aAﬁ] + 21y g [Floay X" Day X120 D gy X1

+21 <10¢((1X1X)A)Mmu4 [Flpay> X Dy X2 ...Da4X"4> F

asag)

21 (5 Aopy s [ DpX?, X7] Dy X1 ...Da4X“4) Fia
1

+21i<§ 5 Oyhoppr.sis [XP,X”]D[bX”DalX’“...DMX“‘*)F%%}}.

First we observe that the definitions differ more when there are inclusions. Indeed, in
Pl(ixix)OA] the inclusion works also on the derivative; while in DP[(ixix)A] the derivative
works on the inclusions. A consequence of the first observation is that the last term is only

a part of the naive variation. The naive variation can be split up like this:
STT{P((iXiXﬁBAG)} - STT{% -7 Dy X"...Dg, X5 [XP,X”]a[(,Apm__m} (2.8)
= %STT{2 Doy XM ... Dy XM [XP, X105 A pyy e
+5 Doy X1 .. Dy X1 (X7, X0 Aot |-
Inserting (2.§) into (P.7]) and rearranging the terms yields:
SLCipune? STr{?P[@AG] +21iP((ixix ) 79Aq) (2.9)

+21i<AH1___#6 [Flpay X1 Dy X*2 .. Dy X0
+5 Aapul...u4[D[bXp,XU]DQIXMI...D(MXlM Fa
- aUAPnH1~~~H4 [Xp’XU]D[bXnDale---DMXM Fasas})

506]

_210((iXiX)A)M1---M4 [F[bal ) Xul]Dlem ---Da4XM4Fa5a6]}



The second, third and fourth line form a single commutator?:

STr{[Sym(AM___MG;F[bal;D@X“?; i Dy X1), X“l]}

- STr{apA,“,__M6 [X?, X1 Flyq, Dy X12... Dy X1

Fipay» XDy X12...D gy X 16

(2.10)

+Au1---ue [

+5 Ay i Flvar [Day X2, XH1] Dy X13...D gy X 10 }

But what about the last line of (2.9)? It seems that this would form a single commutator
together with variations of a term like P[(ixix)?C7]F?2. Such a term vanishes because there
are only three transverse and thus non-Abelian coordinates. If we work out an appropriate
single commutator, we get indeed the needed variation and corrections which would fit into
a transformation of P[(ixix)?C7]F?, but which now just vanish:

STT{[Sym(AML--M(;; [Xﬂ37Xﬂ2]; F[baﬁFazag; Da4X'u4§ e DQG]X‘%), Xﬂl]}

- STT{apAul...ue [Xp7Xﬂl][Xﬂ37XﬂQ]F[balFa2a3Da4Xﬂ4"'DGG]X“b‘
‘|‘A;L1...p5[[XM3aXM2]aXMI]F[balFa2a3Da4XM4"‘DGS]le

(2.11)
+2A (X3, XP2][Fiyy , X ) Fagay Dag X14... Dyg) X 16

Q1 ... 16

+3AH1---H6 [XHS,XW]F[balFaws [DG4XH4’ Xﬂl]DasX%DGG}XﬂG}

- STT{QA X428, X42][Flygy , X1 Fayay Dy X140 .. Dy X146 }

M- 16

So the modified variation and the naive one differ by two single commutator terms, which
vanish when inside the symmetrized trace.

This is easily generalized to the case of general €}, and numbers of commutators and
Born-Infeld field strengths. Thus the other terms appearing in the D6 brane action

STT{P[CQ,,H]F?’*p +p(2p + 1)iP[(iX1X)02p+1]F4’p} (2.12)

are also invariant under both definitions of gauge transformations. The only thing yet
to do to get the equivalence for the full D6 brane action is letting B be arbitrary. This
poses no problems at all, since the fields A, defined above are invariant under all R-R
transformations but the one with parameter A,_;, which is true for both definitions of
gauge transformations.

Saive STT{P[(iXiX)T.Ap]} - STT{P[@XiX)T(paAp,I)]} (2.13)
5 rod STT{P[(iXiX)T.Ap]} - STT{(}) _ 27")D<P[(iXiX)TAp_1])}

Proving invariance of the general D-brane action under the naive gauge transformation
uses the same reasoning as for the simple case of the D6.

2See the for comments about commutator manipulations inside the symmetrized trace.



3. The NS-NS variation

The naive and modified R-R variations are equivalent, making the naive definition valid
just as in the case of the NS-NS variations. Is the opposite also possible? Namely, can we
define an equivalent modified NS-NS variation that looks like the modified R-R transfor-
mation? The answer is no. The reason is simple: the NS-NS variation appears multiplied
with other fields, unlike the R-R variation. While the difference between the naive and
modified definitions of the R-R variation can be arranged into single commutators, the
fields multiplying the NS-NS variation makes such an arrangement impossible. To see this
more clearly, we will look again at the D6 brane. The NS-NS variation is given by

Snaive P|B] = 2P[05)] — 12iP(ixix)(BOL)] + 2i(ixix)B P[ox). (3.1)

Only the first term is the proper variation of the field, coming from the Abelian variation
0B = 20%. A candidate for a modified variation would only differ in that first term. The
other two, being variations of the worldvolume fields V' and X, remain as they are. So the
candidate modified transformation looks like

SmodP|B] = 2DP[S] — 12iP|(ixix )(BIZ)] + 2i(ixix)B P95, (3.2)

To avoid writing more terms than necessary, we will look just at the difference between the
two definitions. Only the variation of B itself changes, and the differences are:

(Omod — Onaive)P[B] = i[F, X*]|E, (3.3)
(5mod - 6naive)P[[Xano]Co...Bp] = P[[DXanU]CU...Ep]
(5mod - 5naive)(iXiX)B = _(iXiX)aE-

It was proven that under the variation (B.I]), blocks with the same R-R field are invariant,
like the D6 block

L= STT{21P[C5B] +21P[C5]F (3.4)
1378 P|(ixix)(C5B2)] + 411iP|(ixix ) (C5B)] F + 105iP[(iXiX)C5]F2}.
We will now apply the candidate modified definition to this block.

5mod£ = (5mod - (;naive)»c + 6naive£ (35)
- STr{le’D[alX‘“ D X[ Fyyas X195, i
—21iD[a1X“1...DasX“5Fa6a7] [)(p,AX'U]({“)UEpCMMM5
+210i Dy X" .. Doy X" Fi 0 [Das X2, X1 Copr S

6a7]>

+terms proportional to B or FQ}.

The above three terms do not form a single commutator, already because there will never
be a variation term proportional to [C5, X|. So, while the D6 brane action is invariant
under NS-NS variations defined naively for the B form, along with the variations of the
worldvolume fields, invariance is impossible for our candidate modified transformation.



4. Discussion

In this paper it is proven that the modified definition of the R-R gauge variations gives the
same result as the naive one up to a single commutator. While invariance is more manifest
when using the modified definition, the naive variation is easier when regarding dualities.
In particular, we see that the S-dual twoforms Cy and B have the same gauge properties.

Equivalence is not the case for the NS-NS transformations. A candidate modified
transformation can be thought of, but the difference with the naive transformation can
not be arranged into a single commutator or anything else vanishing. This means that the
multiple D-brane actions are not invariant under modified NS-NS variations.

One can take the naive definition as definition of gauge transformations for both C' and
B fields and use the modified R-R transformation to prove the invariance of the multiple
brane’s Chern-Simons action.
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A. Symmetrized trace calculations

The symmetrized trace prescription consists of symmetrizing all entries followed by taking
the trace. Hereby commutators are seen as one entry. So, if A, B, C, D and E are matrices,

STr{ABCDE} - Tr{Sym(A;B;C;D;E)} (A1)
STT{[A,B]CD} - Tr{Sym([A, Bl; C; D)}
STT{[AB,C]DE} - Tr{Sym([AB,C’];D;E) }
Symmetrizing is denoted by Sym:
Sym (A; B;C: D: E) — ABCDE + ABCED + other permutations, ~ (A.2)

Due to the behavior of commutators within the symmetrized trace, care is needed when
using common commutator manipulations. Indeed, simply substituting AB— BA for [A, B|
is already problematic. While

STr{[A, B]CD} - Tr{Sym([A, Bl C; D)} (A.3)
is in general nonzero, the substitution would make it vanish identically:

STT{(AB - BA)CD} - Tr{Sym (A; B;C; D) _ Sym (B; A: C; D)} —0. (A4)



What about splitting the commutator of a product, [AB,C] = A[B,C]+[A, C]B? One
can expect that the rule does not hold when it is multiplied by other matrices. Indeed, on
the left side the A, B and C will stay together, while on the right A and B will permute
among the other matrices:

STT{[AB,C’]DE} - Tr{Sym([AB,C];D;E)} (A.5)

= Tr{Sym(A[B,C] + A, C’]B;D;E)}
and

STT’{A[B, C|DE + [A, C]BDE} = TT{Sym (A; (B, C|; D; E) + Sym([A, C|; B; D; E) }
(A.6)

The problem only appears when there are at least two other matrices to permute with.

In the case of a single commutator, or with one extra factor, the symmetrized trace reduces
to an ordinary trace and the rule is valid. The product inside the commutator needs to be

symmetrized itself, though.
STr{[Sym(A;B;C),D]E} - (A7)
- Tr{[Sym(A; B;0), D]E}
— Tr{[A, DISym(B; C; E) + [B, D|Sym(4; C; E) + [C, D|Sym(A; B E) |
- STT{[A, D|BCE + A[B, D|CE + ABJC, D]E}.

In going from the second to the third line, the cyclic property of the trace has been used.
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